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Thermodynamic potential of interacting Bose-Einstein gas
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We investigate the interaction effect between atoms and the finite size effect of a Bose-Einstein
gas at finite temperature. Using a mean field approach, we derive the thermodynamic potential on
finite systems and obtain the condensate fraction, the chemical potential and the internal energy
with the interaction and the finite size effects taken into account. In this approach, we can treat
thermodynamic quantities as those of the ideal Bose gas. It is found that the interaction effect shifts
the transition temperature by a few percent toward the lower temperature. Above the transition
temperature, these quantities agree with the noninteracting Bose gas.
PACS numbers: 03.75.Fi, 05.30.Jp, 32.80.Pj, 51.30.+i
I. INTRODUCTION
Bose-Einstein condensation (BEC) was first observed
in dilute ultracold alkali atoms of rubidium [1], lithium [2]
and sodium [3]. Furthermore, Mewes et al. and Ensher
et al. measured the condensate fraction and the energy of
rubidium atoms [4,5]. It revealed that the transition tem-
perature T0 is shifted not only by the interaction effect
but also by the finite size effect by a few percent, where T0
denotes the transition temperature of the noninteracting
Bose gas within the external field in the thermodynamic
limit. This means that both the interaction and the fi-
nite size effects play an important role in the real Bose
gases. In fact, the number of trapped atoms is typically
N = 103 ∼ 106, and this may not be sufficiently large
to take the thermodynamic limit. For the noninteracting
Bose gas, the condensate fraction confined in a spherical
harmonic potential can be analytically given as [6,7],
N0
N
= 1−
(
T
T0
)3
−3
2
ζ(2)
ζ(3)2/3
1
N1/3
(
T
T0
)2
, (1.1)
where the first two terms in the right hand side corre-
spond to the condensate fraction in the thermodynamic
limit and the third term is the finite size correction.
On the other hand, these experimental findings have
stimulated much interest in the theory of the interacting
Bose gas. Since BEC occurs when atoms are dilute and
cold, we can treat the interaction of atoms as the two-
body interacting Bose gas. In this case, the s-wave scat-
tering length characterizes the strength of the two-body
interaction. Under these conditions, the Gross-Pitaevskii
(GP) equation can well describe the behavior of the in-
teracting Bose gas at zero temperature [8,9]. This is a
mean field approach for the order parameter associated
with the condensate. Using the GP equation, several au-
thors [10] studied the ground state and the excitation
properties of the condensate.
To study BEC at finite temperature, the Bogoliubov
approximation at zero temperature was extended by Grif-
fin [11]. It is called the Hartree-Fock-Bogoliubov (HFB)
theory. In particular, Popov approximation to the HFB
theory has been employed to explain the experimental re-
sults [12]. This approximation neglect the anomalous av-
erage of the fluctuating field operator in the HFB theory.
With the Popov approximation, thermodynamic quan-
tities, such as the condensate fraction and the internal
energy, agree with the experimental results at low tem-
perature. However, recent experimental data of the exci-
tation frequencies of the condensates indicate a discrep-
ancy with these approximate results near the transition
temperature T0 (T/T0 > 0.6) [13].
In this paper, we derive the thermodynamic potential
for the interacting Bose gas within a mean field approx-
imation which is different from Bogoliubov approxima-
tion. With this thermodynamic potential, we obtain the
thermodynamic quantities; the condensate fraction, the
entropy and the internal energy. These quantities have
the same form as that of the ideal Bose gas, but the en-
ergy Ei contains the interaction effect and varies as a
function of the temperature T and the total number N .
Therefore, we must determine not only the chemical po-
tential µ but also the energy Ei as a function of T and
N in a self-consistent fashion. In particular, the chem-
ical potential determines the transition temperature on
the condition that the chemical potential µ is equal to
the ground state energy E0 at T = T0. Here, we choose
the repulsive interaction where the scattering length a
is positive, and numerically solve the chemical potential
and the energy Ei. By determining the chemical poten-
tial near T ∼ T0, we find that the interaction effect shifts
T0 by a few percent toward the lower temperature which
should be compared with the previous estimations of the
semiclassical approximation [14].
This paper is organized in the following way. In the
next section, we derive the thermodynamic potential for
the interacting Bose gas at finite temperature. Then, we
obtain thermodynamic quantities in a self-consistent way.
In section 3, we carry out the numerical evaluation of the
chemical potential, the condensate fraction and the inter-
nal energy, in particular near T0. Section 4 summarizes
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what we have clarified in this paper.
II. THERMODYNAMICS FOR INTERACTING
BOSE GAS
We derive the thermodynamic potential for the inter-
acting Bose gas within a mean field approach. To be-
gin with, we construct the effective Hamiltonian in this
system. The Hamiltonian for the interacting Bose gas
confined in an external potential Vext can be written as
Hˆ =
∫
drΨˆ†(r)
[
− h¯
2
2m
∇2 + Vext(r)
]
Ψˆ(r)
+
1
2
∫
drdr′Ψˆ†(r)Ψˆ†(r′)V (r− r′)Ψˆ(r′)Ψˆ(r), (2.1)
where Ψˆ(r) is the boson field operator and V (r−r′) is the
two-body atomic potential. Here, we choose the spheri-
cal harmonic potential for the Vext for simplicity. Thus,
the Vext is given as
Vext(r) =
1
2
mω2r2. (2.2)
Since we are interested in the dilute and cold Bose gas,
we replace V (r − r′) by an effective interaction of the
δ-function type,
V (r− r′) = gδ(3)(r− r′), (2.3)
where the coupling constant g is related to the s-wave
scattering length a through
g =
4pih¯2a
m
. (2.4)
The scattering length is an important length scale in this
system. A typical value of the scattering length a is of
the order of nm. The boson field operator for the ideal
system can be written as
Ψˆ(r) =
1√
V
∑
k
ake
ik·r. (2.5)
But for the general case, the corresponding field operator
is a sum over all normal modes [15]
Ψˆ(r) =
∑
n
anχn(r), (2.6)
when χn(r)’s define any complete set of normalized
single-particle wave function an is a bosonic annihila-
tion operator for the single-particle state n. In our case,
χn(r) is given as
χn(r) ≡ unxnynz(x, y, z)
= NnxNnyNnze
− 1
2
( r
aho
)2
Hnx(x/aho)Hny (y/aho)Hnz (z/aho), (2.7)
where Hn(ξ) is the Hermite polynomial, and Nn is the
normalization constant which can be written as
Nn =
√
a−1ho
pi1/22nn!
, (2.8)
where aho denotes the harmonic oscillator length
aho =
√
h¯
mω
. (2.9)
This is also an important length scale in this system. It is
typically of the order of µm. From Eqs. (2.1) and (2.6),
the Hamiltonian can be written as
Hˆ =
∑
n
εna
†
nan
+
2pih¯2a
m
∑
{ni}
〈n1n2 | n3n4〉a†n1a†n2an3an4 , (2.10)
with
εn = h¯ω
(
nx + ny + nz +
3
2
)
, (2.11)
〈n1n2 | n3n4〉 =
∫
drχ†n1(r)χ
†
n2
(r)χn3(r)χn4(r). (2.12)
Now we consider the first order perturbation theory
for the thermodynamic potential [16]. The first order
correction is given by the diagonal part of the interact-
ing Hamiltonian in Eq. (2.10). This corresponds to ig-
noring the anomalous average. Therefore, the effective
Hamiltonian can be written as
Hˆeff =
∑
i
εini + h¯ω
4pia
aho
∑
i,j
Uijninj, (2.13)
where ni = a
†
iai and
Uij = Fix,jxFiy ,jyFiz ,jz ,
Fi,j =
1
pi2i2ji!j!
∫
dξe−2ξ
2
H2i (ξ)H
2
j (ξ). (2.14)
Now we rewrite Eq. (2.13) in the following way
Hˆeff = Hˆ0 + Hˆ
′, (2.15)
with
Hˆ0 =
∑
i
Eini − h¯ω 4pia
aho
∑
i,j
Uijνiνj, (2.16)
Hˆ ′ = h¯ω
4pia
aho
∑
i,j
Uij(ni − νi)(nj − νj), (2.17)
Ei = εi + h¯ω
8pia
aho
∑
j
Uijνj. (2.18)
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Here, we minimize Hˆ ′ by taking νi the mean occupation
numbers
νi = 〈ni〉 = Tr ni e
−(Hˆ0−µNˆ)/kBT
Tr e−(Hˆ0−µNˆ)/kBT
=
1
e(Ei−µ)/kBT − 1 . (2.19)
Then, the thermodynamic potential Ω = −pV can be
given as
Ω = −kBT lnTr e−(Hˆ0−µNˆ)/kBT ,
≈ −h¯ω 4pia
aho
∑
i,j
Uij〈ni〉〈nj〉
+kBT
∑
i
ln (1− e−(Ei−µ)/kBT ), (2.20)
where the first term in the right hand side is the first
order correction. We note that Eq. (2.19) can be also
determined by the condition
0 =
(
∂Ω
∂〈ni〉
)
T,µ,V,〈nj〉6=〈ni〉
= −
∑
j
Uij〈nj〉+
∑
j
Uij
1
e(Ej−µ)/kBT − 1 . (2.21)
This condition means that the thermodynamic potential
Ω is a minimum with respect to any change of state at
constant T , V and µ in a state of thermal equilibrium.
Now we derive the thermodynamic quantities from
Eqs. (2.20) and (2.21). First, we obtain the total number
N from Eq. (2.20) with the condition of Eq. (2.21)
N = −
(
∂Ω
∂µ
)
T,V
= −
(
∂Ω
∂µ
)
T,V,µ,〈ni〉
−
∑
i
(
∂Ω
∂〈ni〉
)
·
(
∂〈ni〉
∂µ
)
=
∑
i
1
e(Ei−µ)/kBT − 1 . (2.22)
We can determine the chemical potential µ and the en-
ergy Ei from Eqs. (2.18) and (2.22) which should be
solved self-consistently. Then, we obtain the thermody-
namic quantities through Eq. (2.20) with Eq. (2.21). For
example, the entropy S can be given by
S = −
(
∂Ω
∂T
)
V,µ
= −
(
∂Ω
∂T
)
V,µ,〈ni〉
−
∑
i
(
∂Ω
∂〈ni〉
)
·
(
∂〈ni〉
∂T
)
= kB
∑
i
[(1 + 〈ni〉) ln(1 + 〈ni〉)− 〈ni〉 ln〈ni〉] , (2.23)
where we also use the condition Eq. (2.21). Finally, the
internal energy E can be given as
E =
∑
i
Ei
e(Ei−µ)/kBT − 1 . (2.24)
We obtain the thermodynamic quantities from Eq.
(2.20) by solving Ei and µ from Eqs. (2.18) and (2.20)
self-consistently. This is a mean field approach within
the first order perturbation theory. The chemical po-
tential cannot exceed the energy Ei at any temperature.
At the transition temperature, the chemical potential is
equal to the ground state energy. Therefore, the transi-
tion temperature has to be determined by the chemical
potential. We note that the second term of Eq. (2.18)
shifts the transition temperature. If we choose Ui,j as a
constant i.e. U , then it only causes the constant shift for
all Ei, but the transition temperature does not change.
Therefore, the second term of Eq. (2.18) plays an impor-
tant role to understand the interacting Bose gas. We also
note that, when we put g = 0, Eq. (2.22) reproduces the
total number of the noninteracting Bose gas confined in
the spherical harmonic potential, because there are no
constraints in between the chemical potential µ and the
energy Ei. Therefore, when we consider the interaction
effect, we can also investigate the finite size effect at the
same time.
III. NUMERICAL RESULTS
We present the numerical results of thermodynamic
quantities which appear in Eqs. (2.22) and (2.24). First,
we numerically solve the chemical potential µ and the
energy Ei by using Eqs. (2.18) and (2.22) with the iter-
ation method. Then, we obtain µ and Ei as a function
of T and N . If the temperature of this system is low-
ered at fixed N , the chemical potential µ given by Eq.
(2.22) increases. It finally reaches the ground state en-
ergy E0, since the chemical potential cannot exceed the
ground state energy. Therefore, we can define the tran-
sition temperature Tc as µ = E0 at T = Tc. We note
that the transition temperature Tc for the noninteract-
ing Bose gas confined in the spherical harmonic potential
can be given as [6,7]
Tc = T0
(
1− ζ(2)
2ζ(3)2/3
1
N1/3
)
, (3.1)
where the second term is the finite size effect, and T0
denote the transition temperature in the thermodynamic
limit which can be written as
T0 =
h¯ω
kB
(
N
ζ(3)
)1/3
. (3.2)
Because the interaction effect also shifts the transition
temperature Tc, we have to redefine the transition tem-
perature.
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For T > T0, we solve Eqs. (2.18) and (2.22) with
fixed N and given T . Here, the total number N and
the strength of the interaction with the repulsive force
are chosen to be N = 1000 and a/aho = 7 × 10−3, re-
spectively. In Fig. 1, we show the calculated values of
the chemical potential µ/kBT0 as a function of T/T0. As
can be seen, when T/T0 ∼ 0.91, µ/kBT0 approaches to
a finite value. This means that the chemical potential µ
reaches the ground state energy E0. Therefore, the tran-
sition temperature becomes T/T0 ∼ 0.91 (see, Fig. 3).
Comparing this result with the transition temperature
Tc/T0 ∼ 0.93 given by Eq. (3.1), the interaction effect
further shifts the transition temperature about 2 percent
toward the lower temperature.
For T < T0, the chemical potential µ is equal to the
ground state energy E0. In this case, since the ground
state occupation numbersN0 diverges, we have to rewrite
Eq. (2.18) as follows
Ei = εi + h¯ω
8pia
aho
Ui,0N
+h¯ω
8pia
aho
∑
j6=0
〈nj〉(Ui,j − Ui,0), (3.3)
where we use the relationN = N0+
∑
j6=0〈nj〉. Under this
condition, we solve Eq. (3.3) with µ/kBT0 = 0.178. We
note that µ/kBT0 is 0.159 for the noninteracting model
at the transition temperature, since µ is 3/2h¯ω in our
approach.
In Fig. 2, we show the condensation fraction as a func-
tion of T/T0. The dotted line refers to the condensation
fraction of the noninteracting Bose gas in the thermo-
dynamic limit, and the solid line represents the conden-
sation fraction including the finite size effect (see, Eq.
(1.1)). Finally, the condensation fraction with the inter-
action and the finite size effects is shown as solid circles.
These correspond to each other at T > T0. This means
that we can ignore the atom-atom interaction because
the number density is low at T > T0. On the other hand,
at near the transition temperature, atoms must occupy
the ground state energy E0. Since the number density
becomes high at this temperature, the atom-atom inter-
action becomes strong, and shifts the transition temper-
ature. Although the finite size effect can also shift the
transition temperature, it disappears at large N limit.
Therefore, the interaction effect is more important than
the finite size effect.
In Fig. 4, we show the results for the internal energy
E/NkBT0 as a function of T/T0. It reveals that the inter-
nal energy curve changes slope near the transition tem-
perature. We note that the specific heat can be calcu-
lated by differentiating the internal energy with respect
to the temperature T . Therefore, this result means that
the specific heat is discontinuous at the transition tem-
perature. As can be seen from the result of Ensher et al.
[5], the derivative of the internal energy is discontinuous
at the transition temperature. This behavior of our cal-
culated internal energy is in a good agreement with the
experimental result.
Finally, we compare our results with the semiclassical
results. In the semiclassical approximation, the dimen-
sionless parameter Eint/Ekin = Na/aho is important to
discuss the two-body atomic interaction energy Eint com-
pared to the kinetic energy Ekin. For the Thomas-Fermi
(TF) limit (Na/aho ≫ 1), the chemical potential µ0 can
be written in terms of this parameter [17,18]
µ0 =
h¯ω
2
(
15N
a
aho
)2/5
. (3.4)
In our case, µ0/kBT0 is 0.342. This is about twice as
large as the µ/kBT0 = 0.178. Since we take the pa-
rameter Na/aho ∼ 1, it does not achieve the TF limit.
Therefore, the kinetic term plays an important role in
this value. Further, the interaction term Uij in Eq. (2.18)
suppresses the total number N of Na/aho. The shift of
the transition temperature δT0/T0 in the semiclassical
approximation for the large N limit can be given as [14]
δT0
T0
= −1.3 a
aho
N1/6. (3.5)
In our case, the shift of the transition temperature δT0/T0
is about 3 percent. Because of the interaction term Uij,
the transition temperature is also suppressed by its term
in our model.
IV. CONCLUSIONS
We have presented the thermodynamic potential of the
interacting Bose gas confined in the spherical harmonic
potential within a mean field approach. In this approach,
we minimize the interacting Hamiltonian Hˆ ′ under the
condition that the mean occupation numbers νi should
be the Bose distribution function. Then, we can derive
the thermodynamic potential in a self-consistent fashion.
With this thermodynamic potential, we obtain the ther-
modynamic quantities which have the same form as that
of the ideal Bose gas. Further, we carry out the numeri-
cal calculations of the chemical potential, the condensate
fraction and the internal energy. In particular, because
the energy Ei also varies as a function of T and N in our
approach, we have to solve Ei and µ with the conditions
that µ cannot exceed Ei at any temperature. Further,
since we take the parameter Na/aho ∼ 1 which corre-
sponds neither to the TF limit nor to the noninteracting
limit for the semiclassical point of view, we cannot ex-
pect µ from the semiclassical approximation. Then, we
find that the interaction effect shifts the transition tem-
perature T0 given by µ = E0 at T = Tc about 2 percent
toward the lower temperature compared with the nonin-
teracting model including the finite size effect.
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FIGURE CAPTIONS
FIG. 1. Chemical potential µ/kBT0 as a function of T/To.
The solid line refers to the noninteracting model. Solid circles
show the calculated values of the interacting case.
FIG. 2. Condensate fraction N/N0 as a function of T/T0.
The solid line is drawn with Eq. (1.1) and the dotted line is
the thermodynamic limit. Solid circles are the same as in Fig.
1.
FIG. 3. The same as Fig. 2 just below the transition tem-
perature. Open circles are numerical results of the noninter-
acting case.
FIG. 4. Internal energy E/NkBT0 as a function of T/T0.
The solid line is the noninteracting case. Solid circles are the
same as in Fig. 1.
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